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Solutions to systems of equations are ubiquitous in science, engineering and mathematics.

Problem definition
Linear system of equations

Polynomial system of equations

High-dimensional function spaces are challenging for classical algorithms.

Can quantum computing tackle this?

Systems of equations

P (1)
ij xj = P (0)

i
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index notation  
P (1)
00 P (1)

01

P (1)
10 P (1)

11
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matrix notation

P (1)
ij xj + P (2)

ijkxjxk + · · · = P (0)
i
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Lattice QCD application
Quantum chromodynamics (QCD) is our modern description of the strong interaction.

After setting ~3 input parameters, all of nuclear physics is a prediction!

quarks (ψ)

gluons (U)

lattice spacing (a) 
(UV regulator)

finite volume (L3 x T) 
(IR regulator)

Major lattice uncertainties and related issues

• continuum limit

• infinite volume

• light pion mass

tcomp. / 1/a6
<latexit sha1_base64="+ylqIokye7CvLP8hCHxT6EQzBWQ=">AAACHXicbVDNTgIxGOziH+LfqkcPbiQmnnDXGOVI4sUjJoImgKRbPqCh3Tbtt0ay4ehz+ABe9RG8Ga/GJ/A1LMgFcZImk5lpm5lYC24xDL+83MLi0vJKfrWwtr6xueVv79StSg2DGlNCmduYWhA8gRpyFHCrDVAZC7iJBxdj/+YejOUqucahhpakvYR3OaPopLa/j+2sifCARmZMSV0ajZraKI0qiI7p3VnbL4alcIJgnkRTUiRTVNv+d7OjWCohQSaotY0o1NjKqEHOBIwKzdSCpmxAe5BZF+hDZ0ZsOJpQCbaVTdqNgkOndIKuMu4kGEzUmWeotHYoY5eUFPv2rzcW//MaKXbLrYwnOkVI2O9H3VQErvt4qqDDDTAUQ0coM9wVCFifGsrQDVpwy0R/d5gn9ZNSFJaiq9NipTzdKE/2yAE5IhE5JxVySaqkRhh5JM/khbx6T96b9+59/EZz3vTOLpmB9/kDEG2ixQ==</latexit><latexit sha1_base64="+ylqIokye7CvLP8hCHxT6EQzBWQ=">AAACHXicbVDNTgIxGOziH+LfqkcPbiQmnnDXGOVI4sUjJoImgKRbPqCh3Tbtt0ay4ehz+ABe9RG8Ga/GJ/A1LMgFcZImk5lpm5lYC24xDL+83MLi0vJKfrWwtr6xueVv79StSg2DGlNCmduYWhA8gRpyFHCrDVAZC7iJBxdj/+YejOUqucahhpakvYR3OaPopLa/j+2sifCARmZMSV0ajZraKI0qiI7p3VnbL4alcIJgnkRTUiRTVNv+d7OjWCohQSaotY0o1NjKqEHOBIwKzdSCpmxAe5BZF+hDZ0ZsOJpQCbaVTdqNgkOndIKuMu4kGEzUmWeotHYoY5eUFPv2rzcW//MaKXbLrYwnOkVI2O9H3VQErvt4qqDDDTAUQ0coM9wVCFifGsrQDVpwy0R/d5gn9ZNSFJaiq9NipTzdKE/2yAE5IhE5JxVySaqkRhh5JM/khbx6T96b9+59/EZz3vTOLpmB9/kDEG2ixQ==</latexit><latexit sha1_base64="+ylqIokye7CvLP8hCHxT6EQzBWQ=">AAACHXicbVDNTgIxGOziH+LfqkcPbiQmnnDXGOVI4sUjJoImgKRbPqCh3Tbtt0ay4ehz+ABe9RG8Ga/GJ/A1LMgFcZImk5lpm5lYC24xDL+83MLi0vJKfrWwtr6xueVv79StSg2DGlNCmduYWhA8gRpyFHCrDVAZC7iJBxdj/+YejOUqucahhpakvYR3OaPopLa/j+2sifCARmZMSV0ajZraKI0qiI7p3VnbL4alcIJgnkRTUiRTVNv+d7OjWCohQSaotY0o1NjKqEHOBIwKzdSCpmxAe5BZF+hDZ0ZsOJpQCbaVTdqNgkOndIKuMu4kGEzUmWeotHYoY5eUFPv2rzcW//MaKXbLrYwnOkVI2O9H3VQErvt4qqDDDTAUQ0coM9wVCFifGsrQDVpwy0R/d5gn9ZNSFJaiq9NipTzdKE/2yAE5IhE5JxVySaqkRhh5JM/khbx6T96b9+59/EZz3vTOLpmB9/kDEG2ixQ==</latexit><latexit sha1_base64="+ylqIokye7CvLP8hCHxT6EQzBWQ=">AAACHXicbVDNTgIxGOziH+LfqkcPbiQmnnDXGOVI4sUjJoImgKRbPqCh3Tbtt0ay4ehz+ABe9RG8Ga/GJ/A1LMgFcZImk5lpm5lYC24xDL+83MLi0vJKfrWwtr6xueVv79StSg2DGlNCmduYWhA8gRpyFHCrDVAZC7iJBxdj/+YejOUqucahhpakvYR3OaPopLa/j+2sifCARmZMSV0ajZraKI0qiI7p3VnbL4alcIJgnkRTUiRTVNv+d7OjWCohQSaotY0o1NjKqEHOBIwKzdSCpmxAe5BZF+hDZ0ZsOJpQCbaVTdqNgkOndIKuMu4kGEzUmWeotHYoY5eUFPv2rzcW//MaKXbLrYwnOkVI2O9H3VQErvt4qqDDDTAUQ0coM9wVCFifGsrQDVpwy0R/d5gn9ZNSFJaiq9NipTzdKE/2yAE5IhE5JxVySaqkRhh5JM/khbx6T96b9+59/EZz3vTOLpmB9/kDEG2ixQ==</latexit>

tcomp. / V 5/4
<latexit sha1_base64="tHcMT4inyIVfCn0XA4jdgJkD9Mo=">AAACH3icbVDNSgMxGMz6W+tf1aOX1SJ4WnelokfBi8cKtgptLdn0WxtMNiH5VizLnn0OH8CrPoI38don8DVMfy5VBwLDzCRhJtaCWwzDoTc3v7C4tFxaKa+urW9sVra2m1ZlhkGDKaHMbUwtCJ5CAzkKuNUGqIwF3MQPFyP/5hGM5Sq9xoGGjqT3KU84o+ikbmUPu3kb4QmNzJmSOiiKtjZKo/Kbd/nJUa3oVqphEI7h/yXRlFTJFPVu5bvdUyyTkCIT1NpWFGrs5NQgZwKKcjuzoCl7oPeQWxfoQ29GbDmaUgm2k4/7Ff6BU3p+oow7KfpjdeYZKq0dyNglJcW+/e2NxP+8VobJWSfnqc4QUjb5KMmE79qPxvJ73ABDMXCEMsNdAZ/1qaEM3aRlt0z0e4e/pHkcRGEQXdWq52fTjUpkl+yTQxKRU3JOLkmdNAgjz+SVvJF378X78D69r0l0zpve2SEz8IY/8wOjyA==</latexit><latexit sha1_base64="tHcMT4inyIVfCn0XA4jdgJkD9Mo=">AAACH3icbVDNSgMxGMz6W+tf1aOX1SJ4WnelokfBi8cKtgptLdn0WxtMNiH5VizLnn0OH8CrPoI38don8DVMfy5VBwLDzCRhJtaCWwzDoTc3v7C4tFxaKa+urW9sVra2m1ZlhkGDKaHMbUwtCJ5CAzkKuNUGqIwF3MQPFyP/5hGM5Sq9xoGGjqT3KU84o+ikbmUPu3kb4QmNzJmSOiiKtjZKo/Kbd/nJUa3oVqphEI7h/yXRlFTJFPVu5bvdUyyTkCIT1NpWFGrs5NQgZwKKcjuzoCl7oPeQWxfoQ29GbDmaUgm2k4/7Ff6BU3p+oow7KfpjdeYZKq0dyNglJcW+/e2NxP+8VobJWSfnqc4QUjb5KMmE79qPxvJ73ABDMXCEMsNdAZ/1qaEM3aRlt0z0e4e/pHkcRGEQXdWq52fTjUpkl+yTQxKRU3JOLkmdNAgjz+SVvJF378X78D69r0l0zpve2SEz8IY/8wOjyA==</latexit><latexit sha1_base64="tHcMT4inyIVfCn0XA4jdgJkD9Mo=">AAACH3icbVDNSgMxGMz6W+tf1aOX1SJ4WnelokfBi8cKtgptLdn0WxtMNiH5VizLnn0OH8CrPoI38don8DVMfy5VBwLDzCRhJtaCWwzDoTc3v7C4tFxaKa+urW9sVra2m1ZlhkGDKaHMbUwtCJ5CAzkKuNUGqIwF3MQPFyP/5hGM5Sq9xoGGjqT3KU84o+ikbmUPu3kb4QmNzJmSOiiKtjZKo/Kbd/nJUa3oVqphEI7h/yXRlFTJFPVu5bvdUyyTkCIT1NpWFGrs5NQgZwKKcjuzoCl7oPeQWxfoQ29GbDmaUgm2k4/7Ff6BU3p+oow7KfpjdeYZKq0dyNglJcW+/e2NxP+8VobJWSfnqc4QUjb5KMmE79qPxvJ73ABDMXCEMsNdAZ/1qaEM3aRlt0z0e4e/pHkcRGEQXdWq52fTjUpkl+yTQxKRU3JOLkmdNAgjz+SVvJF378X78D69r0l0zpve2SEz8IY/8wOjyA==</latexit><latexit sha1_base64="tHcMT4inyIVfCn0XA4jdgJkD9Mo=">AAACH3icbVDNSgMxGMz6W+tf1aOX1SJ4WnelokfBi8cKtgptLdn0WxtMNiH5VizLnn0OH8CrPoI38don8DVMfy5VBwLDzCRhJtaCWwzDoTc3v7C4tFxaKa+urW9sVra2m1ZlhkGDKaHMbUwtCJ5CAzkKuNUGqIwF3MQPFyP/5hGM5Sq9xoGGjqT3KU84o+ikbmUPu3kb4QmNzJmSOiiKtjZKo/Kbd/nJUa3oVqphEI7h/yXRlFTJFPVu5bvdUyyTkCIT1NpWFGrs5NQgZwKKcjuzoCl7oPeQWxfoQ29GbDmaUgm2k4/7Ff6BU3p+oow7KfpjdeYZKq0dyNglJcW+/e2NxP+8VobJWSfnqc4QUjb5KMmE79qPxvJ73ABDMXCEMsNdAZ/1qaEM3aRlt0z0e4e/pHkcRGEQXdWq52fTjUpkl+yTQxKRU3JOLkmdNAgjz+SVvJF378X78D69r0l0zpve2SEz8IY/8wOjyA==</latexit>

condition number ~1/mπ
exponentially bad
- signal-to-noise
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Lattice QCD application
System of linear equations in Lattice QCD

On the lattice, we simulate a small 4 dimensional piece of the universe. (~ 5 protons wide).

This translates to approximately 1,000,000 to 1,000,000,000 degrees of freedom
(space, time, and quantum degrees of freedom)

Solving the Dirac equation is a linear problem.
(Equation of motion for quarks)

where the Dirac operator is a rank 106—109 matrix.
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Scientific impact
Lattice field theory + computational toolkit allows 
for a fundamental understanding of our universe.

Neutron decay published May 2018 in Nature.
Nature 558, 91-94 (2018)

At ~1 cent / cpu-hour, leadership-class supercomputing calculations costs millions to run.

http://nasa.gov


Correlated least-squares loss function                                        Fit function

Minimizing loss function (assuming linear) yields a linear system of equations

Least squares minimization
Regression is a broadly applicable technique to extract parametric information from data.
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SS: excited-state subtracted
PS: excited-state subtracted

Very important part of a lattice QCD 
calculation.

LQCD calculations come with many 
artifacts that need to be removed by 
regression.

Linear and polynomial regression can be mapped to a system of equations.
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Classical algorithms for linear equations
Direct method
Gauss Jordan elimination (solve for inverse of matrix)

• Computational complexity
• Intractable for large linear systems (e.g. LQCD)

Iterative methods
Conjugate-gradient

• Works only on symmetric positive-definite matrix.
• Solve normal equation: 

• Builds basis with conjugate vectors.

• First entry is the negative gradient of

• Conjugate directions are minimized afterwards.
• Computational complexity            per iteration.

• Iterations as square root of condition number.

Preconditioning
• Solve 
•         is chosen to lower condition number of          by leveraging details of 
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<latexit sha1_base64="n7+uE26/xylF2A0X75y9nsOBbOA=">AAACDXicbVBLTsMwFHTKr5RPAyzZWFRIZVMlgESXldiwo0j0I7WhcpyX1qrjRLaDVEU9AwdgC0dgh9hyBk7ANXDabtoykqXRzPjZb/yEM6Ud58cqbGxube8Ud0t7+weHZfvouK3iVFJo0ZjHsusTBZwJaGmmOXQTCSTyOXT88W3ud55BKhaLRz1JwIvIULCQUaKNNLDL/YjokYyy+2lVPF1dDOyKU3NmwOvEXZAKWqA5sH/7QUzTCISmnCjVc51EexmRmlEO01I/VZAQOiZDyJQJjCBYEnuGChKB8rLZNlN8bpQAh7E0R2g8U5fGkEipSeSbZP53terl4n9eL9Vh3cuYSFINgs4fClOOdYzzanDAJFDNJ4YQKplZANMRkYRqU2DJNOOu9rBO2pc116m5D9eVRn3RURGdojNURS66QQ10h5qohShK0St6Q+/Wi/VhfVpf82jBWtw5QUuwvv8AmMqbjA==</latexit><latexit sha1_base64="n7+uE26/xylF2A0X75y9nsOBbOA=">AAACDXicbVBLTsMwFHTKr5RPAyzZWFRIZVMlgESXldiwo0j0I7WhcpyX1qrjRLaDVEU9AwdgC0dgh9hyBk7ANXDabtoykqXRzPjZb/yEM6Ud58cqbGxube8Ud0t7+weHZfvouK3iVFJo0ZjHsusTBZwJaGmmOXQTCSTyOXT88W3ud55BKhaLRz1JwIvIULCQUaKNNLDL/YjokYyy+2lVPF1dDOyKU3NmwOvEXZAKWqA5sH/7QUzTCISmnCjVc51EexmRmlEO01I/VZAQOiZDyJQJjCBYEnuGChKB8rLZNlN8bpQAh7E0R2g8U5fGkEipSeSbZP53terl4n9eL9Vh3cuYSFINgs4fClOOdYzzanDAJFDNJ4YQKplZANMRkYRqU2DJNOOu9rBO2pc116m5D9eVRn3RURGdojNURS66QQ10h5qohShK0St6Q+/Wi/VhfVpf82jBWtw5QUuwvv8AmMqbjA==</latexit><latexit sha1_base64="n7+uE26/xylF2A0X75y9nsOBbOA=">AAACDXicbVBLTsMwFHTKr5RPAyzZWFRIZVMlgESXldiwo0j0I7WhcpyX1qrjRLaDVEU9AwdgC0dgh9hyBk7ANXDabtoykqXRzPjZb/yEM6Ud58cqbGxube8Ud0t7+weHZfvouK3iVFJo0ZjHsusTBZwJaGmmOXQTCSTyOXT88W3ud55BKhaLRz1JwIvIULCQUaKNNLDL/YjokYyy+2lVPF1dDOyKU3NmwOvEXZAKWqA5sH/7QUzTCISmnCjVc51EexmRmlEO01I/VZAQOiZDyJQJjCBYEnuGChKB8rLZNlN8bpQAh7E0R2g8U5fGkEipSeSbZP53terl4n9eL9Vh3cuYSFINgs4fClOOdYzzanDAJFDNJ4YQKplZANMRkYRqU2DJNOOu9rBO2pc116m5D9eVRn3RURGdojNURS66QQ10h5qohShK0St6Q+/Wi/VhfVpf82jBWtw5QUuwvv8AmMqbjA==</latexit><latexit sha1_base64="n7+uE26/xylF2A0X75y9nsOBbOA=">AAACDXicbVBLTsMwFHTKr5RPAyzZWFRIZVMlgESXldiwo0j0I7WhcpyX1qrjRLaDVEU9AwdgC0dgh9hyBk7ANXDabtoykqXRzPjZb/yEM6Ud58cqbGxube8Ud0t7+weHZfvouK3iVFJo0ZjHsusTBZwJaGmmOXQTCSTyOXT88W3ud55BKhaLRz1JwIvIULCQUaKNNLDL/YjokYyy+2lVPF1dDOyKU3NmwOvEXZAKWqA5sH/7QUzTCISmnCjVc51EexmRmlEO01I/VZAQOiZDyJQJjCBYEnuGChKB8rLZNlN8bpQAh7E0R2g8U5fGkEipSeSbZP53terl4n9eL9Vh3cuYSFINgs4fClOOdYzzanDAJFDNJ4YQKplZANMRkYRqU2DJNOOu9rBO2pc116m5D9eVRn3RURGdojNURS66QQ10h5qohShK0St6Q+/Wi/VhfVpf82jBWtw5QUuwvv8AmMqbjA==</latexit>

P (1)†P (1)x = P (1)†P (0)
<latexit sha1_base64="OI9Z9DDs4gw0m3xpwChFuivSaA0=">AAACNXicbZDLSgMxGIUz9VbrbdSlm2AR2k2ZEaHdCAU3LivYC7TTksn8bUMzF5KMWIZ5FJ/DB3CrD+DCnejSVzBtZ9PLD4HDd04S/uNGnEllWZ9Gbmt7Z3cvv184ODw6PjFPz1oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O7mb+e0nEJKFwaOaRuD4ZBSwIaNEaTQwq0mjn5Tscpr2ex4ZjUDgDOBnfIs3u1Y5HZhFq2LNB68LOxNFlE1jYP72vJDGPgSKciJl17Yi5SREKEY5pIVeLCEidEJGkEgdGIO3BLtaBsQH6STzrVN8pYmHh6HQJ1B4TpeeIb6UU9/VSZ+osVz1ZnCT143VsOYkLIhiBQFdfDSMOVYhnlWIPSaAKj7VglDB9AKYjokgVOmiC7oZe7WHddG6rthWxX64KdZrWUd5dIEuUQnZqIrq6B41UBNR9ILe0Dv6MF6NL+Pb+FlEc0Z25xwtjfH3D31iqcw=</latexit><latexit sha1_base64="OI9Z9DDs4gw0m3xpwChFuivSaA0=">AAACNXicbZDLSgMxGIUz9VbrbdSlm2AR2k2ZEaHdCAU3LivYC7TTksn8bUMzF5KMWIZ5FJ/DB3CrD+DCnejSVzBtZ9PLD4HDd04S/uNGnEllWZ9Gbmt7Z3cvv184ODw6PjFPz1oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O7mb+e0nEJKFwaOaRuD4ZBSwIaNEaTQwq0mjn5Tscpr2ex4ZjUDgDOBnfIs3u1Y5HZhFq2LNB68LOxNFlE1jYP72vJDGPgSKciJl17Yi5SREKEY5pIVeLCEidEJGkEgdGIO3BLtaBsQH6STzrVN8pYmHh6HQJ1B4TpeeIb6UU9/VSZ+osVz1ZnCT143VsOYkLIhiBQFdfDSMOVYhnlWIPSaAKj7VglDB9AKYjokgVOmiC7oZe7WHddG6rthWxX64KdZrWUd5dIEuUQnZqIrq6B41UBNR9ILe0Dv6MF6NL+Pb+FlEc0Z25xwtjfH3D31iqcw=</latexit><latexit sha1_base64="OI9Z9DDs4gw0m3xpwChFuivSaA0=">AAACNXicbZDLSgMxGIUz9VbrbdSlm2AR2k2ZEaHdCAU3LivYC7TTksn8bUMzF5KMWIZ5FJ/DB3CrD+DCnejSVzBtZ9PLD4HDd04S/uNGnEllWZ9Gbmt7Z3cvv184ODw6PjFPz1oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O7mb+e0nEJKFwaOaRuD4ZBSwIaNEaTQwq0mjn5Tscpr2ex4ZjUDgDOBnfIs3u1Y5HZhFq2LNB68LOxNFlE1jYP72vJDGPgSKciJl17Yi5SREKEY5pIVeLCEidEJGkEgdGIO3BLtaBsQH6STzrVN8pYmHh6HQJ1B4TpeeIb6UU9/VSZ+osVz1ZnCT143VsOYkLIhiBQFdfDSMOVYhnlWIPSaAKj7VglDB9AKYjokgVOmiC7oZe7WHddG6rthWxX64KdZrWUd5dIEuUQnZqIrq6B41UBNR9ILe0Dv6MF6NL+Pb+FlEc0Z25xwtjfH3D31iqcw=</latexit><latexit sha1_base64="OI9Z9DDs4gw0m3xpwChFuivSaA0=">AAACNXicbZDLSgMxGIUz9VbrbdSlm2AR2k2ZEaHdCAU3LivYC7TTksn8bUMzF5KMWIZ5FJ/DB3CrD+DCnejSVzBtZ9PLD4HDd04S/uNGnEllWZ9Gbmt7Z3cvv184ODw6PjFPz1oyjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O7mb+e0nEJKFwaOaRuD4ZBSwIaNEaTQwq0mjn5Tscpr2ex4ZjUDgDOBnfIs3u1Y5HZhFq2LNB68LOxNFlE1jYP72vJDGPgSKciJl17Yi5SREKEY5pIVeLCEidEJGkEgdGIO3BLtaBsQH6STzrVN8pYmHh6HQJ1B4TpeeIb6UU9/VSZ+osVz1ZnCT143VsOYkLIhiBQFdfDSMOVYhnlWIPSaAKj7VglDB9AKYjokgVOmiC7oZe7WHddG6rthWxX64KdZrWUd5dIEuUQnZqIrq6B41UBNR9ILe0Dv6MF6NL+Pb+FlEc0Z25xwtjfH3D31iqcw=</latexit>

1

2
xTP (1)x� xTP (0)

<latexit sha1_base64="WuwYe4BPIRfbpy2kSUcP+zoHhGM=">AAACJXicbVDNSgMxGMzWv1r/Vj16CRaxPVh2i2CPBS8eK/QP2m3JZrNtaDa7JFmxLPsIPocP4FUfwZsInjz6GqbtIrR1IDCZmS/hGzdiVCrL+jJyG5tb2zv53cLe/sHhkXl80pZhLDBp4ZCFousiSRjlpKWoYqQbCYICl5GOO7md+Z0HIiQNeVNNI+IEaMSpTzFSWhqal31fIJzYaVJN4eOgCRuDpGSXNYdXf3ernA7NolWx5oDrxM5IEWRoDM2fvhfiOCBcYYak7NlWpJwECUUxI2mhH0sSITxBI5JIHRgTb0nsacpRQKSTzLdM4YVWPOiHQh+u4FxdegYFUk4DVycDpMZy1ZuJ/3m9WPk1J6E8ihXhePGRHzOoQjirDHpUEKzYVBOEBdULQDxGujaliy3oZuzVHtZJu1qxrYp9f12s17KO8uAMnIMSsMENqIM70AAtgMETeAGv4M14Nt6ND+NzEc0Z2cwpWILx/QvWI6NT</latexit><latexit sha1_base64="WuwYe4BPIRfbpy2kSUcP+zoHhGM=">AAACJXicbVDNSgMxGMzWv1r/Vj16CRaxPVh2i2CPBS8eK/QP2m3JZrNtaDa7JFmxLPsIPocP4FUfwZsInjz6GqbtIrR1IDCZmS/hGzdiVCrL+jJyG5tb2zv53cLe/sHhkXl80pZhLDBp4ZCFousiSRjlpKWoYqQbCYICl5GOO7md+Z0HIiQNeVNNI+IEaMSpTzFSWhqal31fIJzYaVJN4eOgCRuDpGSXNYdXf3ernA7NolWx5oDrxM5IEWRoDM2fvhfiOCBcYYak7NlWpJwECUUxI2mhH0sSITxBI5JIHRgTb0nsacpRQKSTzLdM4YVWPOiHQh+u4FxdegYFUk4DVycDpMZy1ZuJ/3m9WPk1J6E8ihXhePGRHzOoQjirDHpUEKzYVBOEBdULQDxGujaliy3oZuzVHtZJu1qxrYp9f12s17KO8uAMnIMSsMENqIM70AAtgMETeAGv4M14Nt6ND+NzEc0Z2cwpWILx/QvWI6NT</latexit><latexit sha1_base64="WuwYe4BPIRfbpy2kSUcP+zoHhGM=">AAACJXicbVDNSgMxGMzWv1r/Vj16CRaxPVh2i2CPBS8eK/QP2m3JZrNtaDa7JFmxLPsIPocP4FUfwZsInjz6GqbtIrR1IDCZmS/hGzdiVCrL+jJyG5tb2zv53cLe/sHhkXl80pZhLDBp4ZCFousiSRjlpKWoYqQbCYICl5GOO7md+Z0HIiQNeVNNI+IEaMSpTzFSWhqal31fIJzYaVJN4eOgCRuDpGSXNYdXf3ernA7NolWx5oDrxM5IEWRoDM2fvhfiOCBcYYak7NlWpJwECUUxI2mhH0sSITxBI5JIHRgTb0nsacpRQKSTzLdM4YVWPOiHQh+u4FxdegYFUk4DVycDpMZy1ZuJ/3m9WPk1J6E8ihXhePGRHzOoQjirDHpUEKzYVBOEBdULQDxGujaliy3oZuzVHtZJu1qxrYp9f12s17KO8uAMnIMSsMENqIM70AAtgMETeAGv4M14Nt6ND+NzEc0Z2cwpWILx/QvWI6NT</latexit><latexit sha1_base64="WuwYe4BPIRfbpy2kSUcP+zoHhGM=">AAACJXicbVDNSgMxGMzWv1r/Vj16CRaxPVh2i2CPBS8eK/QP2m3JZrNtaDa7JFmxLPsIPocP4FUfwZsInjz6GqbtIrR1IDCZmS/hGzdiVCrL+jJyG5tb2zv53cLe/sHhkXl80pZhLDBp4ZCFousiSRjlpKWoYqQbCYICl5GOO7md+Z0HIiQNeVNNI+IEaMSpTzFSWhqal31fIJzYaVJN4eOgCRuDpGSXNYdXf3ernA7NolWx5oDrxM5IEWRoDM2fvhfiOCBcYYak7NlWpJwECUUxI2mhH0sSITxBI5JIHRgTb0nsacpRQKSTzLdM4YVWPOiHQh+u4FxdegYFUk4DVycDpMZy1ZuJ/3m9WPk1J6E8ihXhePGRHzOoQjirDHpUEKzYVBOEBdULQDxGujaliy3oZuzVHtZJu1qxrYp9f12s17KO8uAMnIMSsMENqIM70AAtgMETeAGv4M14Nt6ND+NzEc0Z2cwpWILx/QvWI6NT</latexit>

O(n2
)

<latexit sha1_base64="JG4zRHYntWkC/NZE5yoIN7n5RKA=">AAACDXicbVDLSgMxFL1TX7U+OurSTbAIdVNmimCXBTfurGAf0I4lk0nb0ExmSDJCGfoNfoBb/QR34tZv8Av8DTPtbNp6IHA45+Qm9/gxZ0o7zo9V2Nre2d0r7pcODo+Oy/bJaUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQ287vPVCoWiUc9i6kX4rFgI0awNtLQLg9CrCcyTO/nVfFUvxraFafmLIA2iZuTCuRoDe3fQRCRJKRCE46V6rtOrL0US80Ip/PSIFE0xmSKxzRVJjChwYrYN1TgkCovXWwzR5dGCdAokuYIjRbqyhgcKjULfZPM/q7WvUz8z+snetTwUibiRFNBlg+NEo50hLJqUMAkJZrPDMFEMrMAIhMsMdGmwJJpxl3vYZN06jXXqbkP15VmI++oCOdwAVVw4QaacActaAOBBF7hDd6tF+vD+rS+ltGCld85gxVY33+XMJuL</latexit><latexit sha1_base64="JG4zRHYntWkC/NZE5yoIN7n5RKA=">AAACDXicbVDLSgMxFL1TX7U+OurSTbAIdVNmimCXBTfurGAf0I4lk0nb0ExmSDJCGfoNfoBb/QR34tZv8Av8DTPtbNp6IHA45+Qm9/gxZ0o7zo9V2Nre2d0r7pcODo+Oy/bJaUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQ287vPVCoWiUc9i6kX4rFgI0awNtLQLg9CrCcyTO/nVfFUvxraFafmLIA2iZuTCuRoDe3fQRCRJKRCE46V6rtOrL0US80Ip/PSIFE0xmSKxzRVJjChwYrYN1TgkCovXWwzR5dGCdAokuYIjRbqyhgcKjULfZPM/q7WvUz8z+snetTwUibiRFNBlg+NEo50hLJqUMAkJZrPDMFEMrMAIhMsMdGmwJJpxl3vYZN06jXXqbkP15VmI++oCOdwAVVw4QaacActaAOBBF7hDd6tF+vD+rS+ltGCld85gxVY33+XMJuL</latexit><latexit sha1_base64="JG4zRHYntWkC/NZE5yoIN7n5RKA=">AAACDXicbVDLSgMxFL1TX7U+OurSTbAIdVNmimCXBTfurGAf0I4lk0nb0ExmSDJCGfoNfoBb/QR34tZv8Av8DTPtbNp6IHA45+Qm9/gxZ0o7zo9V2Nre2d0r7pcODo+Oy/bJaUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQ287vPVCoWiUc9i6kX4rFgI0awNtLQLg9CrCcyTO/nVfFUvxraFafmLIA2iZuTCuRoDe3fQRCRJKRCE46V6rtOrL0US80Ip/PSIFE0xmSKxzRVJjChwYrYN1TgkCovXWwzR5dGCdAokuYIjRbqyhgcKjULfZPM/q7WvUz8z+snetTwUibiRFNBlg+NEo50hLJqUMAkJZrPDMFEMrMAIhMsMdGmwJJpxl3vYZN06jXXqbkP15VmI++oCOdwAVVw4QaacActaAOBBF7hDd6tF+vD+rS+ltGCld85gxVY33+XMJuL</latexit><latexit sha1_base64="JG4zRHYntWkC/NZE5yoIN7n5RKA=">AAACDXicbVDLSgMxFL1TX7U+OurSTbAIdVNmimCXBTfurGAf0I4lk0nb0ExmSDJCGfoNfoBb/QR34tZv8Av8DTPtbNp6IHA45+Qm9/gxZ0o7zo9V2Nre2d0r7pcODo+Oy/bJaUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQ287vPVCoWiUc9i6kX4rFgI0awNtLQLg9CrCcyTO/nVfFUvxraFafmLIA2iZuTCuRoDe3fQRCRJKRCE46V6rtOrL0US80Ip/PSIFE0xmSKxzRVJjChwYrYN1TgkCovXWwzR5dGCdAokuYIjRbqyhgcKjULfZPM/q7WvUz8z+snetTwUibiRFNBlg+NEo50hLJqUMAkJZrPDMFEMrMAIhMsMdGmwJJpxl3vYZN06jXXqbkP15VmI++oCOdwAVVw4QaacActaAOBBF7hDd6tF+vD+rS+ltGCld85gxVY33+XMJuL</latexit>

Shewchuk (1994)

M�1P (1)x = M�1P (0)
<latexit sha1_base64="qQesIcxn0DuI3tRl7O9yoUd9WF4=">AAACHXicbZDLSgMxGIUzXmu9jbp0YbAI7cIyEcFuhIIbN0IFe4F2WjKZTBuauZBkxDLM0ufwAdzqI7gTt+IT+Bpm2tm09YfA4TsnCf9xIs6ksqwfY2V1bX1js7BV3N7Z3ds3Dw5bMowFoU0S8lB0HCwpZwFtKqY47USCYt/htO2MbzK//UiFZGHwoCYRtX08DJjHCFYaDcyTu35yjtJGPymjSvoEr+EMwIxYlXRglqyqNR24LFAuSiCfxsD87bkhiX0aKMKxlF1kRcpOsFCMcJoWe7GkESZjPKSJ1IERdedgV8sA+1TayXS7FJ5p4kIvFPoECk7p3DPYl3LiOzrpYzWSi14G//O6sfJqdsKCKFY0ILOPvJhDFcKsKugyQYniEy0wEUwvAMkIC0yULrSom0GLPSyL1kUVWVV0f1mq1/KOCuAYnIIyQOAK1MEtaIAmIOAZvII38G68GB/Gp/E1i64Y+Z0jMDfG9x+UlaAW</latexit><latexit sha1_base64="qQesIcxn0DuI3tRl7O9yoUd9WF4=">AAACHXicbZDLSgMxGIUzXmu9jbp0YbAI7cIyEcFuhIIbN0IFe4F2WjKZTBuauZBkxDLM0ufwAdzqI7gTt+IT+Bpm2tm09YfA4TsnCf9xIs6ksqwfY2V1bX1js7BV3N7Z3ds3Dw5bMowFoU0S8lB0HCwpZwFtKqY47USCYt/htO2MbzK//UiFZGHwoCYRtX08DJjHCFYaDcyTu35yjtJGPymjSvoEr+EMwIxYlXRglqyqNR24LFAuSiCfxsD87bkhiX0aKMKxlF1kRcpOsFCMcJoWe7GkESZjPKSJ1IERdedgV8sA+1TayXS7FJ5p4kIvFPoECk7p3DPYl3LiOzrpYzWSi14G//O6sfJqdsKCKFY0ILOPvJhDFcKsKugyQYniEy0wEUwvAMkIC0yULrSom0GLPSyL1kUVWVV0f1mq1/KOCuAYnIIyQOAK1MEtaIAmIOAZvII38G68GB/Gp/E1i64Y+Z0jMDfG9x+UlaAW</latexit><latexit sha1_base64="qQesIcxn0DuI3tRl7O9yoUd9WF4=">AAACHXicbZDLSgMxGIUzXmu9jbp0YbAI7cIyEcFuhIIbN0IFe4F2WjKZTBuauZBkxDLM0ufwAdzqI7gTt+IT+Bpm2tm09YfA4TsnCf9xIs6ksqwfY2V1bX1js7BV3N7Z3ds3Dw5bMowFoU0S8lB0HCwpZwFtKqY47USCYt/htO2MbzK//UiFZGHwoCYRtX08DJjHCFYaDcyTu35yjtJGPymjSvoEr+EMwIxYlXRglqyqNR24LFAuSiCfxsD87bkhiX0aKMKxlF1kRcpOsFCMcJoWe7GkESZjPKSJ1IERdedgV8sA+1TayXS7FJ5p4kIvFPoECk7p3DPYl3LiOzrpYzWSi14G//O6sfJqdsKCKFY0ILOPvJhDFcKsKugyQYniEy0wEUwvAMkIC0yULrSom0GLPSyL1kUVWVV0f1mq1/KOCuAYnIIyQOAK1MEtaIAmIOAZvII38G68GB/Gp/E1i64Y+Z0jMDfG9x+UlaAW</latexit><latexit sha1_base64="qQesIcxn0DuI3tRl7O9yoUd9WF4=">AAACHXicbZDLSgMxGIUzXmu9jbp0YbAI7cIyEcFuhIIbN0IFe4F2WjKZTBuauZBkxDLM0ufwAdzqI7gTt+IT+Bpm2tm09YfA4TsnCf9xIs6ksqwfY2V1bX1js7BV3N7Z3ds3Dw5bMowFoU0S8lB0HCwpZwFtKqY47USCYt/htO2MbzK//UiFZGHwoCYRtX08DJjHCFYaDcyTu35yjtJGPymjSvoEr+EMwIxYlXRglqyqNR24LFAuSiCfxsD87bkhiX0aKMKxlF1kRcpOsFCMcJoWe7GkESZjPKSJ1IERdedgV8sA+1TayXS7FJ5p4kIvFPoECk7p3DPYl3LiOzrpYzWSi14G//O6sfJqdsKCKFY0ILOPvJhDFcKsKugyQYniEy0wEUwvAMkIC0yULrSom0GLPSyL1kUVWVV0f1mq1/KOCuAYnIIyQOAK1MEtaIAmIOAZvII38G68GB/Gp/E1i64Y+Z0jMDfG9x+UlaAW</latexit>

M�1
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Ising model and adiabatic quantum computing
n - body Ising Hamiltonian (some more notation and definitions)

The sum in brackets denote nearest neighbors.
- An all-sites to all-sites interacting Ising model has infinite dimensions.

Adiabatic evolution

Initiate a spin-up state in x, which is fully entangled in z and adiabatically evolve in s

Adiabatic condition depends on energy gap of time-dependent Hamiltonian

Adiabatic quantum computing can solve problems that can be mapped to the Ising Model.

H
Ising( ) =

X

i

hi i +
X

hi,ji

Jij i j +
X

hi,j,ki

Kijk i j k + ...
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ext. mag. 2-body 3-body

H(s) = (s� 1)H init + sH
problem
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H
init = Ci x,i
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T � O

 ����H init �H
problem

����2

✏mins2[0,1]�(H(s))3

!
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Mapping systems of equations to Ising model
(This is the only important slide in this whole talk…)

Rewrite system of equations

into a minimization problem

Map R-spin chain to a superposition of 2R decimal numbers

                                             where                               (QUBO definition)

For a system of N linear equations the mapping is explicitly

In principle a direct solve (global minimum) independent of condition number or sparseness.
Quantum computers can simultaneously evaluate an exponential number of solutions.
Note: PRL 103 150502 (2009) (HHL algorithm) outlines linear solver for gate-model QC. 

P (1)
ij xj + P (2)

ijkxjxk + · · · = P (0)
i
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Min


1

2
P (1)
ij xixj +

1

3
P (2)
ijkxixjxk + ...� P (0)

i xi

�
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xi = ai

R�1X

r=0

2r r,i + bi
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Classical Ising model solvers
Brute force solution — try all 2n solutions! (works for super small systems)

Density matrix renormalization group (DMRG)
System of n spins means diagonalizing a 2n x 2n matrix to solve for spectrum (impossible).
In practice a large part of the space can be truncated.
DMRG keeps states with largest entanglement only (in contrast Wilson is energy cutoff).

Borrowed from David Lin’s Slides

| i =
2X

j1,...,jn=1

cji,...,jn |j1, . . . , jni =
2X

j1,...,jn=1

aj1,...,jn |j1i ⌦ · · ·⌦ |jni
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2n

2nD2

DMRG sweep



Quantum annealing
Quick summary
Non-zero temperature and non-adiabatic dynamics.
Solution is obtained probabilistically.

We explore this algorithm on the D-Wave 2000Q.
• 2048 qubits maps to approx. 64 fully connected qubits.
• approx. 10-bits of precision on biases and couplers.

Software suite
dwave_sapi2.remote 

• connect to DWave
dwave_sapi2.embedding 

• map n-dim Ising model to 3 dimensions.
dwave_sapi2.util 

• map QUBO to Ising
dwave_sapi2.core 

• calls DWave solver.

dwave_qbsolv 
• heuristic solver for large problems.



Example: linear least squares
Very simple toy problem to check algorithm.

Generate “data” for the following linear system:

Goal: Solve for the coefficients given data generated above

3 parameters * 4 spins = 12 total spins or 4096 total solutions

Construct QUBO Hamiltonian and iterate over all solutions (solve for energy and sort).

Result

D(x) = 8 + 4x+ 7x2
<latexit sha1_base64="f1m3uFadDkJkgRNkU+wyHPYOfVI=">AAACEnicbVDLSgMxFL1TX7W+xsfOTbAIFaHMlEK7EQq6cFnBPqAdSyaTaUMzD5KMtJb+hR/gVj/Bnbj1B/wCf8O0zqatBxIO55ybcI8bcyaVZX0bmbX1jc2t7HZuZ3dv/8A8PGrKKBGENkjEI9F2saSchbShmOK0HQuKA5fTlju8nvmtRyoki8J7NY6pE+B+yHxGsNJSzzy5KYwu0BWqoktUHumrMnoo9cy8VbTmQKvETkkeUtR75k/Xi0gS0FARjqXs2FasnAkWihFOp7luImmMyRD36UTqwIB6C2JH0xAHVDqT+UpTdK4VD/mR0CdUaK4uPIMDKceBq5MBVgO57M3E/7xOovyqM2FhnCgakr+P/IQjFaFZP8hjghLFx5pgIpheAJEBFpgo3WJON2Mv97BKmqWibRXtu3K+Vk07ysIpnEEBbKhADW6hDg0g8AQv8ApvxrPxbnwYn3/RjJHOHMMCjK9fw+iaxQ==</latexit><latexit sha1_base64="f1m3uFadDkJkgRNkU+wyHPYOfVI=">AAACEnicbVDLSgMxFL1TX7W+xsfOTbAIFaHMlEK7EQq6cFnBPqAdSyaTaUMzD5KMtJb+hR/gVj/Bnbj1B/wCf8O0zqatBxIO55ybcI8bcyaVZX0bmbX1jc2t7HZuZ3dv/8A8PGrKKBGENkjEI9F2saSchbShmOK0HQuKA5fTlju8nvmtRyoki8J7NY6pE+B+yHxGsNJSzzy5KYwu0BWqoktUHumrMnoo9cy8VbTmQKvETkkeUtR75k/Xi0gS0FARjqXs2FasnAkWihFOp7luImmMyRD36UTqwIB6C2JH0xAHVDqT+UpTdK4VD/mR0CdUaK4uPIMDKceBq5MBVgO57M3E/7xOovyqM2FhnCgakr+P/IQjFaFZP8hjghLFx5pgIpheAJEBFpgo3WJON2Mv97BKmqWibRXtu3K+Vk07ysIpnEEBbKhADW6hDg0g8AQv8ApvxrPxbnwYn3/RjJHOHMMCjK9fw+iaxQ==</latexit><latexit sha1_base64="f1m3uFadDkJkgRNkU+wyHPYOfVI=">AAACEnicbVDLSgMxFL1TX7W+xsfOTbAIFaHMlEK7EQq6cFnBPqAdSyaTaUMzD5KMtJb+hR/gVj/Bnbj1B/wCf8O0zqatBxIO55ybcI8bcyaVZX0bmbX1jc2t7HZuZ3dv/8A8PGrKKBGENkjEI9F2saSchbShmOK0HQuKA5fTlju8nvmtRyoki8J7NY6pE+B+yHxGsNJSzzy5KYwu0BWqoktUHumrMnoo9cy8VbTmQKvETkkeUtR75k/Xi0gS0FARjqXs2FasnAkWihFOp7luImmMyRD36UTqwIB6C2JH0xAHVDqT+UpTdK4VD/mR0CdUaK4uPIMDKceBq5MBVgO57M3E/7xOovyqM2FhnCgakr+P/IQjFaFZP8hjghLFx5pgIpheAJEBFpgo3WJON2Mv97BKmqWibRXtu3K+Vk07ysIpnEEBbKhADW6hDg0g8AQv8ApvxrPxbnwYn3/RjJHOHMMCjK9fw+iaxQ==</latexit><latexit sha1_base64="f1m3uFadDkJkgRNkU+wyHPYOfVI=">AAACEnicbVDLSgMxFL1TX7W+xsfOTbAIFaHMlEK7EQq6cFnBPqAdSyaTaUMzD5KMtJb+hR/gVj/Bnbj1B/wCf8O0zqatBxIO55ybcI8bcyaVZX0bmbX1jc2t7HZuZ3dv/8A8PGrKKBGENkjEI9F2saSchbShmOK0HQuKA5fTlju8nvmtRyoki8J7NY6pE+B+yHxGsNJSzzy5KYwu0BWqoktUHumrMnoo9cy8VbTmQKvETkkeUtR75k/Xi0gS0FARjqXs2FasnAkWihFOp7luImmMyRD36UTqwIB6C2JH0xAHVDqT+UpTdK4VD/mR0CdUaK4uPIMDKceBq5MBVgO57M3E/7xOovyqM2FhnCgakr+P/IQjFaFZP8hjghLFx5pgIpheAJEBFpgo3WJON2Mv97BKmqWibRXtu3K+Vk07ysIpnEEBbKhADW6hDg0g8AQv8ApvxrPxbnwYn3/RjJHOHMMCjK9fw+iaxQ==</latexit>

x 2 [0, 1, 2, . . . , 47, 48, 49]
<latexit sha1_base64="IEKFxwMgqzNH+e8yQUN5CS5R5EE=">AAACGnicbVDLSsNAFJ34rPUVdamLwSK4CCUpgdZdwY3LCvYBaSiTyaQdOpmEmYlYQjd+hx/gVj/Bnbh14xf4G07bbNp6YOBwzpl7uSdIGZXKtn+Mjc2t7Z3d0l55/+Dw6Ng8Oe3IJBOYtHHCEtELkCSMctJWVDHSSwVBccBINxjfzvzuIxGSJvxBTVLix2jIaUQxUloamBdPsE859GzLsWpWP0yUtNy65TYs98YfmBW7as8B14lTkAoo0BqYv3oCzmLCFWZISs+xU+XnSCiKGZmW+5kkKcJjNCS51IERCZdET1OOYiL9fH7aFF5pJYRRIvTjCs7VpTEolnISBzoZIzWSq95M/M/zMhU1/JzyNFOE48WiKGNQJXDWEwypIFixiSYIC6oPgHiEBMJKt1nWzTirPayTTq3q2FXn3q00G0VHJXAOLsE1cEAdNMEdaIE2wOAZvII38G68GB/Gp/G1iG4YxZ8zsATj+w8df54q</latexit><latexit sha1_base64="IEKFxwMgqzNH+e8yQUN5CS5R5EE=">AAACGnicbVDLSsNAFJ34rPUVdamLwSK4CCUpgdZdwY3LCvYBaSiTyaQdOpmEmYlYQjd+hx/gVj/Bnbh14xf4G07bbNp6YOBwzpl7uSdIGZXKtn+Mjc2t7Z3d0l55/+Dw6Ng8Oe3IJBOYtHHCEtELkCSMctJWVDHSSwVBccBINxjfzvzuIxGSJvxBTVLix2jIaUQxUloamBdPsE859GzLsWpWP0yUtNy65TYs98YfmBW7as8B14lTkAoo0BqYv3oCzmLCFWZISs+xU+XnSCiKGZmW+5kkKcJjNCS51IERCZdET1OOYiL9fH7aFF5pJYRRIvTjCs7VpTEolnISBzoZIzWSq95M/M/zMhU1/JzyNFOE48WiKGNQJXDWEwypIFixiSYIC6oPgHiEBMJKt1nWzTirPayTTq3q2FXn3q00G0VHJXAOLsE1cEAdNMEdaIE2wOAZvII38G68GB/Gp/G1iG4YxZ8zsATj+w8df54q</latexit><latexit sha1_base64="IEKFxwMgqzNH+e8yQUN5CS5R5EE=">AAACGnicbVDLSsNAFJ34rPUVdamLwSK4CCUpgdZdwY3LCvYBaSiTyaQdOpmEmYlYQjd+hx/gVj/Bnbh14xf4G07bbNp6YOBwzpl7uSdIGZXKtn+Mjc2t7Z3d0l55/+Dw6Ng8Oe3IJBOYtHHCEtELkCSMctJWVDHSSwVBccBINxjfzvzuIxGSJvxBTVLix2jIaUQxUloamBdPsE859GzLsWpWP0yUtNy65TYs98YfmBW7as8B14lTkAoo0BqYv3oCzmLCFWZISs+xU+XnSCiKGZmW+5kkKcJjNCS51IERCZdET1OOYiL9fH7aFF5pJYRRIvTjCs7VpTEolnISBzoZIzWSq95M/M/zMhU1/JzyNFOE48WiKGNQJXDWEwypIFixiSYIC6oPgHiEBMJKt1nWzTirPayTTq3q2FXn3q00G0VHJXAOLsE1cEAdNMEdaIE2wOAZvII38G68GB/Gp/G1iG4YxZ8zsATj+w8df54q</latexit><latexit sha1_base64="IEKFxwMgqzNH+e8yQUN5CS5R5EE=">AAACGnicbVDLSsNAFJ34rPUVdamLwSK4CCUpgdZdwY3LCvYBaSiTyaQdOpmEmYlYQjd+hx/gVj/Bnbh14xf4G07bbNp6YOBwzpl7uSdIGZXKtn+Mjc2t7Z3d0l55/+Dw6Ng8Oe3IJBOYtHHCEtELkCSMctJWVDHSSwVBccBINxjfzvzuIxGSJvxBTVLix2jIaUQxUloamBdPsE859GzLsWpWP0yUtNy65TYs98YfmBW7as8B14lTkAoo0BqYv3oCzmLCFWZISs+xU+XnSCiKGZmW+5kkKcJjNCS51IERCZdET1OOYiL9fH7aFF5pJYRRIvTjCs7VpTEolnISBzoZIzWSq95M/M/zMhU1/JzyNFOE48WiKGNQJXDWEwypIFixiSYIC6oPgHiEBMJKt1nWzTirPayTTq3q2FXn3q00G0VHJXAOLsE1cEAdNMEdaIE2wOAZvII38G68GB/Gp/G1iG4YxZ8zsATj+w8df54q</latexit>

Corr[D] =

0

BBB@

1 0.9 0.92

0.9 1 0.9 . . .
0.92 0.9 1

...
. . .

1

CCCA

<latexit sha1_base64="E+ruKmoNoxvOf1gRdmfGbC9SZm0="></latexit><latexit sha1_base64="E+ruKmoNoxvOf1gRdmfGbC9SZm0="></latexit><latexit sha1_base64="E+ruKmoNoxvOf1gRdmfGbC9SZm0="></latexit><latexit sha1_base64="E+ruKmoNoxvOf1gRdmfGbC9SZm0="></latexit>

Toeplitz: simulates correlation in time-series

f(x) = A0 +A1x+A2x
2

<latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="f214l/vY9N6cmhmCPrNHa/De3x8=">AAAB7nicbZDNSsNAFIVv6l+NVevazWARXJXEjS4FNy4r2B+ooUwmN+3QySTM3Agl9AXc+gjuxBfyCXwNpz+bth4YOJxzmTvzxYWSloLgx6vt7R8cHtWP/ZOGf3p23mz0bF4agV2Rq9wMYm5RSY1dkqRwUBjkWaywH08fF33/DY2VuX6hWYFRxsdaplJwclFn1GwF7WAptmvCtWnBWqPm72uSizJDTUJxa4dhUFBUcUNSKJz7r6XFgospH2Nl3cAEk41w6KzmGdqoWr59zq5dkrA0N+5oYst04xqeWTvLYjeZcZrY7W4R/tcNS0rvo0rqoiTUYrUoLRWjnC1AsEQaFKRmznBhpPsAExNuuCCHy3dgwm0Mu6Z32w6DdvgcQB0u4QpuIIQ7eIAn6EAXBCTwDh/e3Pv0vlYAa96a5AVsyPv+A70mkvw=</latexit><latexit sha1_base64="ZT+j9uZb6jvQwJDX/3kjPMWiA6c=">AAACD3icbZDLSgMxFIbPeK216uhWF8EiVISS6UY3guLGZQV7gXYcMplMG5q5kGSkpXTjc/gAbvUR3IlP4BP4GqbTbtp6IMnP/x9OOJ+fCq40xj/W2vrG5tZ2Yae4W9rbP7APS02VZJKyBk1EIts+UUzwmDU014K1U8lI5AvW8gd307z1zKTiSfyoRylzI9KLecgp0cby7JOwMjxH1+jWw+jC3A4a5m8NDZ9qnl3GVZwXWhXOXJRhXnXP/u0GCc0iFmsqiFIdB6faHROpORVsUuxmiqWEDkiPjZVp6LNgwewYGZOIKXecrzZBZ8YJUJhIc2KNcndhDImUGkW+6YyI7qvlbGr+l3UyHV65Yx6nmWYxnX0UZgLpBE05oYBLRrUYGUGo5GYBRPtEEqoNzaIh4yxzWBXNWtXBVecBQwGO4RQq4MAl3MA91KEBFF7gDd7hw3q1Pq2vGcM1aw7zCBbK+v4D4S6bzA==</latexit><latexit sha1_base64="ZT+j9uZb6jvQwJDX/3kjPMWiA6c=">AAACD3icbZDLSgMxFIbPeK216uhWF8EiVISS6UY3guLGZQV7gXYcMplMG5q5kGSkpXTjc/gAbvUR3IlP4BP4GqbTbtp6IMnP/x9OOJ+fCq40xj/W2vrG5tZ2Yae4W9rbP7APS02VZJKyBk1EIts+UUzwmDU014K1U8lI5AvW8gd307z1zKTiSfyoRylzI9KLecgp0cby7JOwMjxH1+jWw+jC3A4a5m8NDZ9qnl3GVZwXWhXOXJRhXnXP/u0GCc0iFmsqiFIdB6faHROpORVsUuxmiqWEDkiPjZVp6LNgwewYGZOIKXecrzZBZ8YJUJhIc2KNcndhDImUGkW+6YyI7qvlbGr+l3UyHV65Yx6nmWYxnX0UZgLpBE05oYBLRrUYGUGo5GYBRPtEEqoNzaIh4yxzWBXNWtXBVecBQwGO4RQq4MAl3MA91KEBFF7gDd7hw3q1Pq2vGcM1aw7zCBbK+v4D4S6bzA==</latexit><latexit sha1_base64="+4fhpFHpDI0TiC8ke5sE9dVX+iY=">AAACGnicbVC9TsMwGHTKXyl/AUYYLCqkIqQq6UIXpCIWxiLRH6kNkeM4rVXHiWwHtYq68Bw8ACs8AhtiZeEJeA3cNEtbTrJ9ujvb+s6LGZXKsn6Mwtr6xuZWcbu0s7u3f2AeHrVllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk441uZ37niQhJI/6gJjFxQjTgNKAYKS255mlQGV/Aa3jjWvBS7zYcZ2cNjh9rrlm2qlYGuErsnJRBjqZr/vb9CCch4QozJGXPtmLlpEgoihmZlvqJJDHCIzQgqdSBIfEXxJ6mHIVEOmk22hSea8WHQST04gpm6sIzKJRyEno6GSI1lMveTPzP6yUqqDsp5XGiCMfzj4KEQRXBWU/Qp4JgxSaaICyoHgDiIRIIK91mSTdjL/ewStq1qm1V7Xur3KjnHRXBCTgDFWCDK9AAd6AJWgCDZ/AK3sC78WJ8GJ/G1zxaMPI7x2ABxvcfn0CdQw==</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit><latexit sha1_base64="R7cTyNC1rczsAPcMUJtTS55QFS0=">AAACGnicbVBPS8MwHE3nvzn/VT3qITiEiTDaIbiLMPHicYL7A1staZpuYWlaklQ2yi5+Dj+AV/0I3sSrFz+BX8Os9rLNB0ke770k/J4XMyqVZX0bhZXVtfWN4mZpa3tnd8/cP2jLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxvdzPzOIxGSRvxeTWLihGjAaUAxUlpyzeOgMj6DV/DateC53m04zs4aHD/UXLNsVa0McJnYOSmDHE3X/On7EU5CwhVmSMqebcXKSZFQFDMyLfUTSWKER2hAUqkDQ+LPiT1NOQqJdNJstCk81YoPg0joxRXM1LlnUCjlJPR0MkRqKBe9mfif10tUUHdSyuNEEY7/PgoSBlUEZz1BnwqCFZtogrCgegCIh0ggrHSbJd2MvdjDMmnXqrZVte8uyo163lERHIETUAE2uAQNcAuaoAUweAIv4BW8Gc/Gu/FhfP5FC0Z+5xDMwfj6BaCAnUc=</latexit>

Fit function
Ai =  1,i + 2 2,i + 4 3,i + 8 4,i

<latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="f214l/vY9N6cmhmCPrNHa/De3x8=">AAAB7nicbZDNSsNAFIVv6l+NVevazWARXJXEjS4FNy4r2B+ooUwmN+3QySTM3Agl9AXc+gjuxBfyCXwNpz+bth4YOJxzmTvzxYWSloLgx6vt7R8cHtWP/ZOGf3p23mz0bF4agV2Rq9wMYm5RSY1dkqRwUBjkWaywH08fF33/DY2VuX6hWYFRxsdaplJwclFn1GwF7WAptmvCtWnBWqPm72uSizJDTUJxa4dhUFBUcUNSKJz7r6XFgospH2Nl3cAEk41w6KzmGdqoWr59zq5dkrA0N+5oYst04xqeWTvLYjeZcZrY7W4R/tcNS0rvo0rqoiTUYrUoLRWjnC1AsEQaFKRmznBhpPsAExNuuCCHy3dgwm0Mu6Z32w6DdvgcQB0u4QpuIIQ7eIAn6EAXBCTwDh/e3Pv0vlYAa96a5AVsyPv+A70mkvw=</latexit><latexit sha1_base64="0QRfR3YjdXAW6OMjiCl5W/6OSCQ=">AAACMHicbVDLSsNAFL3xWWvV6NbNYBEEpSS1YDcFxY3LCvYBbQiTyaQdOnkwMxFK6Nf4HX6AW125diGIH+G0yaatBwbO43KHe7yEM6ks69PY2Nza3tkt7ZX3KweHR+ZxpSvjVBDaITGPRd/DknIW0Y5iitN+IigOPU573uR+nveeqZAsjp7UNKFOiEcRCxjBSluu2bpzGWqhYSKZm9lXbIYuUb2Q9Vw2Cnmdy2YhG1q6ZtWqWQugdWIXpAoF2q75PfRjkoY0UoRjKQe2lSgnw0IxwumsPEwlTTCZ4BHNpB4YU3/JHGga4ZBKJ1vcPkPn2vFREAv9IoUW7tIaHEo5DT09GWI1lqvZ3PwvG6QqaDoZi5JU0YjkHwUpRypG8yKRzwQlik81wUQwfQAiYywwUbrusm7GXu1hnXTrNduq2Y8WlOAUzuACbLiBW3iANnSAwAu8wTt8GK/Gl/GTd7hhFGWewBKM3z9reqkf</latexit><latexit sha1_base64="0QRfR3YjdXAW6OMjiCl5W/6OSCQ=">AAACMHicbVDLSsNAFL3xWWvV6NbNYBEEpSS1YDcFxY3LCvYBbQiTyaQdOnkwMxFK6Nf4HX6AW125diGIH+G0yaatBwbO43KHe7yEM6ks69PY2Nza3tkt7ZX3KweHR+ZxpSvjVBDaITGPRd/DknIW0Y5iitN+IigOPU573uR+nveeqZAsjp7UNKFOiEcRCxjBSluu2bpzGWqhYSKZm9lXbIYuUb2Q9Vw2Cnmdy2YhG1q6ZtWqWQugdWIXpAoF2q75PfRjkoY0UoRjKQe2lSgnw0IxwumsPEwlTTCZ4BHNpB4YU3/JHGga4ZBKJ1vcPkPn2vFREAv9IoUW7tIaHEo5DT09GWI1lqvZ3PwvG6QqaDoZi5JU0YjkHwUpRypG8yKRzwQlik81wUQwfQAiYywwUbrusm7GXu1hnXTrNduq2Y8WlOAUzuACbLiBW3iANnSAwAu8wTt8GK/Gl/GTd7hhFGWewBKM3z9reqkf</latexit><latexit sha1_base64="KMxCYlKnt+WAl3HI2ZOfjhTzU94=">AAACO3icbVDLSgMxFL3js9bXqEs3wSIISpmpBbspVNy4rGAf0A5DJpO2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIIbZGIR6LrYUk5C2lLMcVpNxYUBx6nHW98N8s7T1RIFoWPahJTJ8DDkA0YwUpbrlm/dRmqo34smZvaV2yKLlEll5VMVnN5nclaLqtaumbJKltzoFVi56QEOZqu+dX3I5IENFSEYyl7thUrJ8VCMcLptNhPJI0xGeMhTaUeGFF/wexpGuKASied7z5F59rx0SAS+oQKzd2FZ3Ag5STw9GSA1UguZzPzv6yXqEHNSVkYJ4qGJPtokHCkIjQrEvlMUKL4RBNMBNMLIDLCAhOl6y7qZuzlHlZJu1K2rbL9YJUatbyjApzCGVyADTfQgHtoQgsIPMMrvMG78WJ8Gt/GTza6ZuR3TmABxu8ft5qqtw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit><latexit sha1_base64="QwrAF+sJqh2dNwKR2KsKmBdqkB4=">AAACO3icbVDLSgMxFM34rPU16tJNsAiCUmZqwW4KFTcuK9gHtMOQydy2oZkHSUYoQ7/G7/AD3OrKtQtB3Lo37cymrQcC53GTcI8XcyaVZX0Ya+sbm1vbhZ3i7t7+waF5dNyWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPHdLO88gZAsCh/VJAYnIMOQDRglSluuWb91Ga7jfiyZm9pXbIovcSWXlUxWc3mdyVouq1q6ZskqW3PgVWLnpIRyNF3zq+9HNAkgVJQTKXu2FSsnJUIxymFa7CcSYkLHZAip1AMj8BfMnqYhCUA66Xz3KT7Xjo8HkdAnVHjuLjxDAikngacnA6JGcjmbmf9lvUQNak7KwjhRENLso0HCsYrwrEjsMwFU8YkmhAqmF8B0RAShStdd1M3Yyz2sknalbFtl+6FaatTyjgroFJ2hC2SjG9RA96iJWoiiZ/SK3tC78WJ8Gt/GTza6ZuR3TtACjN8/uNqquw==</latexit>

4-qubit representation of coefficient

Allows for integer values between 0 and 15

E0 = �1.602
<latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="f214l/vY9N6cmhmCPrNHa/De3x8=">AAAB7nicbZDNSsNAFIVv6l+NVevazWARXJXEjS4FNy4r2B+ooUwmN+3QySTM3Agl9AXc+gjuxBfyCXwNpz+bth4YOJxzmTvzxYWSloLgx6vt7R8cHtWP/ZOGf3p23mz0bF4agV2Rq9wMYm5RSY1dkqRwUBjkWaywH08fF33/DY2VuX6hWYFRxsdaplJwclFn1GwF7WAptmvCtWnBWqPm72uSizJDTUJxa4dhUFBUcUNSKJz7r6XFgospH2Nl3cAEk41w6KzmGdqoWr59zq5dkrA0N+5oYst04xqeWTvLYjeZcZrY7W4R/tcNS0rvo0rqoiTUYrUoLRWjnC1AsEQaFKRmznBhpPsAExNuuCCHy3dgwm0Mu6Z32w6DdvgcQB0u4QpuIIQ7eIAn6EAXBCTwDh/e3Pv0vlYAa96a5AVsyPv+A70mkvw=</latexit><latexit sha1_base64="2b/h1EA+aWANq7FTUnvOWylZMk4=">AAAB/XicbZDLSgMxFIbPeK21anXrJlgENw6ZLtSNIIjgsoK9QDuUTOZMG5q5kGSEMvQFfAC3+gjuxEfxCXwN08umrT8Efv7/kMP5gkwKbSj9cTY2t7Z3dkt75f3KweFR9bjS0mmuODZ5KlPVCZhGKRJsGmEkdjKFLA4ktoPR/bRvv6DSIk2ezThDP2aDRESCM2Oj3kOfklty6blXtN6v1qhLZyLrxluYGizU6Fd/e2HK8xgTwyXTuuvRzPgFU0ZwiZNyL9eYMT5iAyy0HRhiuBR2rU1YjNovZodMyLlNQhKlyr7EkFm69A2LtR7HgZ2MmRnq1W4a/td1cxPd+IVIstxgwueLolwSk5IpFRIKhdzIsTWMK2EPIHzIFOPGsitbMt4qh3XTqrsedb0nCiU4hTO4AA+u4Q4eoQFN4JDBG7zDh/PqfDpfc4YbzgLmCSzJ+f4DMomWzQ==</latexit><latexit sha1_base64="2b/h1EA+aWANq7FTUnvOWylZMk4=">AAAB/XicbZDLSgMxFIbPeK21anXrJlgENw6ZLtSNIIjgsoK9QDuUTOZMG5q5kGSEMvQFfAC3+gjuxEfxCXwN08umrT8Efv7/kMP5gkwKbSj9cTY2t7Z3dkt75f3KweFR9bjS0mmuODZ5KlPVCZhGKRJsGmEkdjKFLA4ktoPR/bRvv6DSIk2ezThDP2aDRESCM2Oj3kOfklty6blXtN6v1qhLZyLrxluYGizU6Fd/e2HK8xgTwyXTuuvRzPgFU0ZwiZNyL9eYMT5iAyy0HRhiuBR2rU1YjNovZodMyLlNQhKlyr7EkFm69A2LtR7HgZ2MmRnq1W4a/td1cxPd+IVIstxgwueLolwSk5IpFRIKhdzIsTWMK2EPIHzIFOPGsitbMt4qh3XTqrsedb0nCiU4hTO4AA+u4Q4eoQFN4JDBG7zDh/PqfDpfc4YbzgLmCSzJ+f4DMomWzQ==</latexit><latexit sha1_base64="ZqlSd3LVppPrX9IRoYUmbwiTEf8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgxiHThXYjFERwWcE+oB1KJpNpQzOZIckIpfQH/AC3+gnuxK1/4Rf4G6btbNp64MLhnHMT7glSwbXB+McpbGxube8Ud0t7+weHR+Xjk5ZOMkVZkyYiUZ2AaCa4ZE3DjWCdVDESB4K1g9HdzG8/M6V5Ip/MOGV+TAaSR5wSY6XefR+jW3Tlude42i9XsIvnQOvEy0kFcjT65d9emNAsZtJQQbTuejg1/oQow6lg01Iv0ywldEQGbKJtYMjCJbFrqSQx0/5kfsgUXVglRFGi7EiD5urSMyTWehwHNhkTM9Sr3kz8z+tmJqr5Ey7TzDBJFx9FmUAmQbNWUMgVo0aMLSFUcXsAokOiCDW2u5JtxlvtYZ20qq6HXe8RV+q1vKMinME5XIIHN1CHB2hAEyik8Apv8O68OB/Op/O1iBacfOcUluB8/wG8DZgy</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit><latexit sha1_base64="SPxc8hT6bu/s4oqpzhk91UhPKHY=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcOGSKaDdCQQSXFewD2qFkMpk2NJMZkoxQSn/AD3Crn+BO3PoXfoG/YdrOpq0HLhzOOTfhniAVXBuMf5y19Y3Nre3CTnF3b//gsHR03NRJpihr0EQkqh0QzQSXrGG4EaydKkbiQLBWMLyb+q1npjRP5JMZpcyPSV/yiFNirNS972F0iy499xpXeqUydvEMaJV4OSlDjnqv9NsNE5rFTBoqiNYdD6fGHxNlOBVsUuxmmqWEDkmfjbUNDFi4IHYslSRm2h/PDpmgc6uEKEqUHWnQTF14hsRaj+LAJmNiBnrZm4r/eZ3MRFV/zGWaGSbp/KMoE8gkaNoKCrli1IiRJYQqbg9AdEAUocZ2V7TNeMs9rJJmxfWw6z1elWvVvKMCnMIZXIAHN1CDB6hDAyik8Apv8O68OB/Op/M1j645+c4JLMD5/gO9TZg2</latexit>

 =(0 0 0 1 0 0 1 0 1 1 1 0)

=(8 4 7)
<latexit sha1_base64="JImh+xKtkbJ+cCrE/Qvpn7BA5jU="></latexit><latexit sha1_base64="JImh+xKtkbJ+cCrE/Qvpn7BA5jU="></latexit><latexit sha1_base64="JImh+xKtkbJ+cCrE/Qvpn7BA5jU="></latexit><latexit sha1_base64="JImh+xKtkbJ+cCrE/Qvpn7BA5jU="></latexit> The mapping is correct!



Example: linear least squares
D-Wave 2000Q solution

• 4900 samples.
• Trajectory suggests stochastic nature of QA.

• Measures correct ground-state energy.
• First energy missed is at n = 54.

• E54 = -1.523

Success!

plot only every 10th solution

n brute force En 2000Q En count % hit
0 -1.601898 -1.601898 11 0.22%
1 -1.590899 -1.590899 42 0.86%
2 -1.590882 -1.590882 11 0.22%
3 -1.590253 -1.590253 12 0.24%
4 -1.590176 -1.590176 10 0.20%
5 -1.588166 -1.588166 10 0.20%
6 -1.588107 -1.588107 59 1.20%
7 -1.578343 -1.578343 8 0.16%
8 -1.578264 -1.578264 4 0.08%
9 -1.578132 -1.578132 11 0.22%

<latexit sha1_base64="IIvyFfk1A5A0Jobvfu/HVGVg38U=">AAAEFXicbZPLjtMwFIYzCZehXKYDEhs2Fm1HbBjZaZq6u5EQEssZic6M1FSV47ptNLnJdpCq0OfgAdjCI7BDbFnzBLwGzqWBeLCU5Mv5fx/Lx8d+GgZCQvjrwLTu3L13//BB5+Gjx0+OusdPL0WSccqmNAkTfu0TwcIgZlMZyJBdp5yRyA/ZlX/zptCvPjAugiR+L7cpm0dkHQergBKpQotj87nns3UQ55L4WUj4Lqf0I+d81/ E2Rc5OP+6fAJ9nkoFVotYE/beLuA9OgA0hvGj+aJLFUn29AdgE0vP206GKvUanLkR4gjVGSL3gqW17AzUBVepoAvFkorFjl07slk77r4p1buccNqo90hlVOW2ndDqNisauxghWTlg6R7WKMXJdjdvOf1Q41nhUbAvtnXt1jIfOUGOAy5yo2jtuVNt1NAZO6YS4dE4aFQ1tjdtVqo/KY/GyaYNFt6cylQPcBlRDz6jH+aL721smNItYLGlIhJghmMp5TrgMaMhUO2WCpYTekDXLhTJs2LIVnCmMScTEPC+7egcGKrIsmk49qrfKaCsNiYTYRr5yRkRuhK4Vwf9ps0yu8DwP4lQ1dUyrhVZZCGQCiisClgFnVIZbBYTyQG0A0A3hhEp1kTqqMkivw224tE+ROrQLu3eG6xodGi+Ml8YrAxlj48x4Z5wbU4OaO/Oz+cX8an2yvlnfrR+V1Tyo5zwzWsP6+QdoCwps</latexit><latexit sha1_base64="IIvyFfk1A5A0Jobvfu/HVGVg38U=">AAAEFXicbZPLjtMwFIYzCZehXKYDEhs2Fm1HbBjZaZq6u5EQEssZic6M1FSV47ptNLnJdpCq0OfgAdjCI7BDbFnzBLwGzqWBeLCU5Mv5fx/Lx8d+GgZCQvjrwLTu3L13//BB5+Gjx0+OusdPL0WSccqmNAkTfu0TwcIgZlMZyJBdp5yRyA/ZlX/zptCvPjAugiR+L7cpm0dkHQergBKpQotj87nns3UQ55L4WUj4Lqf0I+d81/ E2Rc5OP+6fAJ9nkoFVotYE/beLuA9OgA0hvGj+aJLFUn29AdgE0vP206GKvUanLkR4gjVGSL3gqW17AzUBVepoAvFkorFjl07slk77r4p1buccNqo90hlVOW2ndDqNisauxghWTlg6R7WKMXJdjdvOf1Q41nhUbAvtnXt1jIfOUGOAy5yo2jtuVNt1NAZO6YS4dE4aFQ1tjdtVqo/KY/GyaYNFt6cylQPcBlRDz6jH+aL721smNItYLGlIhJghmMp5TrgMaMhUO2WCpYTekDXLhTJs2LIVnCmMScTEPC+7egcGKrIsmk49qrfKaCsNiYTYRr5yRkRuhK4Vwf9ps0yu8DwP4lQ1dUyrhVZZCGQCiisClgFnVIZbBYTyQG0A0A3hhEp1kTqqMkivw224tE+ROrQLu3eG6xodGi+Ml8YrAxlj48x4Z5wbU4OaO/Oz+cX8an2yvlnfrR+V1Tyo5zwzWsP6+QdoCwps</latexit><latexit sha1_base64="IIvyFfk1A5A0Jobvfu/HVGVg38U=">AAAEFXicbZPLjtMwFIYzCZehXKYDEhs2Fm1HbBjZaZq6u5EQEssZic6M1FSV47ptNLnJdpCq0OfgAdjCI7BDbFnzBLwGzqWBeLCU5Mv5fx/Lx8d+GgZCQvjrwLTu3L13//BB5+Gjx0+OusdPL0WSccqmNAkTfu0TwcIgZlMZyJBdp5yRyA/ZlX/zptCvPjAugiR+L7cpm0dkHQergBKpQotj87nns3UQ55L4WUj4Lqf0I+d81/ E2Rc5OP+6fAJ9nkoFVotYE/beLuA9OgA0hvGj+aJLFUn29AdgE0vP206GKvUanLkR4gjVGSL3gqW17AzUBVepoAvFkorFjl07slk77r4p1buccNqo90hlVOW2ndDqNisauxghWTlg6R7WKMXJdjdvOf1Q41nhUbAvtnXt1jIfOUGOAy5yo2jtuVNt1NAZO6YS4dE4aFQ1tjdtVqo/KY/GyaYNFt6cylQPcBlRDz6jH+aL721smNItYLGlIhJghmMp5TrgMaMhUO2WCpYTekDXLhTJs2LIVnCmMScTEPC+7egcGKrIsmk49qrfKaCsNiYTYRr5yRkRuhK4Vwf9ps0yu8DwP4lQ1dUyrhVZZCGQCiisClgFnVIZbBYTyQG0A0A3hhEp1kTqqMkivw224tE+ROrQLu3eG6xodGi+Ml8YrAxlj48x4Z5wbU4OaO/Oz+cX8an2yvlnfrR+V1Tyo5zwzWsP6+QdoCwps</latexit><latexit sha1_base64="IIvyFfk1A5A0Jobvfu/HVGVg38U=">AAAEFXicbZPLjtMwFIYzCZehXKYDEhs2Fm1HbBjZaZq6u5EQEssZic6M1FSV47ptNLnJdpCq0OfgAdjCI7BDbFnzBLwGzqWBeLCU5Mv5fx/Lx8d+GgZCQvjrwLTu3L13//BB5+Gjx0+OusdPL0WSccqmNAkTfu0TwcIgZlMZyJBdp5yRyA/ZlX/zptCvPjAugiR+L7cpm0dkHQergBKpQotj87nns3UQ55L4WUj4Lqf0I+d81/ E2Rc5OP+6fAJ9nkoFVotYE/beLuA9OgA0hvGj+aJLFUn29AdgE0vP206GKvUanLkR4gjVGSL3gqW17AzUBVepoAvFkorFjl07slk77r4p1buccNqo90hlVOW2ndDqNisauxghWTlg6R7WKMXJdjdvOf1Q41nhUbAvtnXt1jIfOUGOAy5yo2jtuVNt1NAZO6YS4dE4aFQ1tjdtVqo/KY/GyaYNFt6cylQPcBlRDz6jH+aL721smNItYLGlIhJghmMp5TrgMaMhUO2WCpYTekDXLhTJs2LIVnCmMScTEPC+7egcGKrIsmk49qrfKaCsNiYTYRr5yRkRuhK4Vwf9ps0yu8DwP4lQ1dUyrhVZZCGQCiisClgFnVIZbBYTyQG0A0A3hhEp1kTqqMkivw224tE+ROrQLu3eG6xodGi+Ml8YrAxlj48x4Z5wbU4OaO/Oz+cX8an2yvlnfrR+V1Tyo5zwzWsP6+QdoCwps</latexit>



Example: system of 4 linear equations
Conjugate-gradient solution

Test a larger problem with inexact solution.

Mapping to QUBO Hamiltonian
CG yields exact solution (the residual is at machine precision)

• we can reverse solve for the exact QUBO solution
• Search for solutions between

• QUBO matrix with up to half-precision gets correct ground-state
• Residual of algorithm scales exponentially with precision of search.

xi 2 [�0.25, 0.25]
<latexit sha1_base64="alnMZxaOj+owjhv0SQnNR+42Gq8=">AAACE3icbVBLTsMwFHTKr5RfALFiY1EhsYAoqUB0WYkNyyLRj5RGkeM4rVXHiWwHUUU9BgdgC0dgh9hyAE7ANXDabNoykq3RzDxbb4KUUals+8eorK1vbG5Vt2s7u3v7B+bhUVcmmcCkgxOWiH6AJGGUk46iipF+KgiKA0Z6wfiu8HtPREia8Ec1SYkXoyGnEcVIack3T559CgeUQ/fKtho3l7C4Pd+s25Y9A1wlTknqoETbN38HYYKzmHCFGZLSdexUeTkSimJGprVBJkmK8BgNSS51YETCBdHVlKOYSC+f7TSF51oJYZQIfbiCM3XhGRRLOYkDnYyRGsllrxD/89xMRU0vpzzNFOF4/lGUMagSWBQEQyoIVmyiCcKC6gUgHiGBsNI11nQzznIPq6TbsBzbch6u661m2VEVnIIzcAEccAta4B60QQdgkINX8AbejRfjw/g0vubRilHOHIMFGN9/dXabug==</latexit><latexit sha1_base64="alnMZxaOj+owjhv0SQnNR+42Gq8=">AAACE3icbVBLTsMwFHTKr5RfALFiY1EhsYAoqUB0WYkNyyLRj5RGkeM4rVXHiWwHUUU9BgdgC0dgh9hyAE7ANXDabNoykq3RzDxbb4KUUals+8eorK1vbG5Vt2s7u3v7B+bhUVcmmcCkgxOWiH6AJGGUk46iipF+KgiKA0Z6wfiu8HtPREia8Ec1SYkXoyGnEcVIack3T559CgeUQ/fKtho3l7C4Pd+s25Y9A1wlTknqoETbN38HYYKzmHCFGZLSdexUeTkSimJGprVBJkmK8BgNSS51YETCBdHVlKOYSC+f7TSF51oJYZQIfbiCM3XhGRRLOYkDnYyRGsllrxD/89xMRU0vpzzNFOF4/lGUMagSWBQEQyoIVmyiCcKC6gUgHiGBsNI11nQzznIPq6TbsBzbch6u661m2VEVnIIzcAEccAta4B60QQdgkINX8AbejRfjw/g0vubRilHOHIMFGN9/dXabug==</latexit><latexit sha1_base64="alnMZxaOj+owjhv0SQnNR+42Gq8=">AAACE3icbVBLTsMwFHTKr5RfALFiY1EhsYAoqUB0WYkNyyLRj5RGkeM4rVXHiWwHUUU9BgdgC0dgh9hyAE7ANXDabNoykq3RzDxbb4KUUals+8eorK1vbG5Vt2s7u3v7B+bhUVcmmcCkgxOWiH6AJGGUk46iipF+KgiKA0Z6wfiu8HtPREia8Ec1SYkXoyGnEcVIack3T559CgeUQ/fKtho3l7C4Pd+s25Y9A1wlTknqoETbN38HYYKzmHCFGZLSdexUeTkSimJGprVBJkmK8BgNSS51YETCBdHVlKOYSC+f7TSF51oJYZQIfbiCM3XhGRRLOYkDnYyRGsllrxD/89xMRU0vpzzNFOF4/lGUMagSWBQEQyoIVmyiCcKC6gUgHiGBsNI11nQzznIPq6TbsBzbch6u661m2VEVnIIzcAEccAta4B60QQdgkINX8AbejRfjw/g0vubRilHOHIMFGN9/dXabug==</latexit><latexit sha1_base64="alnMZxaOj+owjhv0SQnNR+42Gq8=">AAACE3icbVBLTsMwFHTKr5RfALFiY1EhsYAoqUB0WYkNyyLRj5RGkeM4rVXHiWwHUUU9BgdgC0dgh9hyAE7ANXDabNoykq3RzDxbb4KUUals+8eorK1vbG5Vt2s7u3v7B+bhUVcmmcCkgxOWiH6AJGGUk46iipF+KgiKA0Z6wfiu8HtPREia8Ec1SYkXoyGnEcVIack3T559CgeUQ/fKtho3l7C4Pd+s25Y9A1wlTknqoETbN38HYYKzmHCFGZLSdexUeTkSimJGprVBJkmK8BgNSS51YETCBdHVlKOYSC+f7TSF51oJYZQIfbiCM3XhGRRLOYkDnYyRGsllrxD/89xMRU0vpzzNFOF4/lGUMagSWBQEQyoIVmyiCcKC6gUgHiGBsNI11nQzznIPq6TbsBzbch6u661m2VEVnIIzcAEccAta4B60QQdgkINX8AbejRfjw/g0vubRilHOHIMFGN9/dXabug==</latexit>

x =
�
�0.2004 �0.1075 0.1117 0.2187

�
<latexit sha1_base64="xTsTKu8AlVBjQt3QrZkw90a9LEU=">AAACQnicbZDLSgMxFIYzXmu9VV26CRbFjSUpSrsRCrpwWcHaQltKJnPaBjOZIcmIZegL+Rw+gNv6AoI7cevCtBahrQcCH/85uX1+LIWxhIy8peWV1bX1zEZ2c2t7Zze3t39vokRzqPFIRrrhMwNSKKhZYSU0Yg0s9CXU/Yercb/+CNqISN3ZQQztkPWU6ArOrIs6uesnfIlbPvSESuOQWS2ehmekUCTkHJ9gR5SULhw5oLQ0gS Itl3ALVPC3oZPLkwKZFF4EOoU8mla1k3tvBRFPQlCWS2ZMk5LYtlOmreAShtlWYiBm/IH1IDVuoA/BTNh0qFgIpp1OFAzxsUsC3I20W8riSTpzDAuNGYS+m3SP7pv53jj8r9dMbLfcToWKEwuK/17UTSS2ER77xIHQwK0cOGBcC/cBzPtMM26d9awzQ+c9LMJ90Wku0NvzfKU8dZRBh+gInSKKSqiCblAV1RBHz+gVjdCb9+J9eJ/e1+/okjfdc4Bmyvv+AaBhq1g=</latexit><latexit sha1_base64="xTsTKu8AlVBjQt3QrZkw90a9LEU=">AAACQnicbZDLSgMxFIYzXmu9VV26CRbFjSUpSrsRCrpwWcHaQltKJnPaBjOZIcmIZegL+Rw+gNv6AoI7cevCtBahrQcCH/85uX1+LIWxhIy8peWV1bX1zEZ2c2t7Zze3t39vokRzqPFIRrrhMwNSKKhZYSU0Yg0s9CXU/Yercb/+CNqISN3ZQQztkPWU6ArOrIs6uesnfIlbPvSESuOQWS2ehmekUCTkHJ9gR5SULhw5oLQ0gS Itl3ALVPC3oZPLkwKZFF4EOoU8mla1k3tvBRFPQlCWS2ZMk5LYtlOmreAShtlWYiBm/IH1IDVuoA/BTNh0qFgIpp1OFAzxsUsC3I20W8riSTpzDAuNGYS+m3SP7pv53jj8r9dMbLfcToWKEwuK/17UTSS2ER77xIHQwK0cOGBcC/cBzPtMM26d9awzQ+c9LMJ90Wku0NvzfKU8dZRBh+gInSKKSqiCblAV1RBHz+gVjdCb9+J9eJ/e1+/okjfdc4Bmyvv+AaBhq1g=</latexit><latexit sha1_base64="xTsTKu8AlVBjQt3QrZkw90a9LEU=">AAACQnicbZDLSgMxFIYzXmu9VV26CRbFjSUpSrsRCrpwWcHaQltKJnPaBjOZIcmIZegL+Rw+gNv6AoI7cevCtBahrQcCH/85uX1+LIWxhIy8peWV1bX1zEZ2c2t7Zze3t39vokRzqPFIRrrhMwNSKKhZYSU0Yg0s9CXU/Yercb/+CNqISN3ZQQztkPWU6ArOrIs6uesnfIlbPvSESuOQWS2ehmekUCTkHJ9gR5SULhw5oLQ0gS Itl3ALVPC3oZPLkwKZFF4EOoU8mla1k3tvBRFPQlCWS2ZMk5LYtlOmreAShtlWYiBm/IH1IDVuoA/BTNh0qFgIpp1OFAzxsUsC3I20W8riSTpzDAuNGYS+m3SP7pv53jj8r9dMbLfcToWKEwuK/17UTSS2ER77xIHQwK0cOGBcC/cBzPtMM26d9awzQ+c9LMJ90Wku0NvzfKU8dZRBh+gInSKKSqiCblAV1RBHz+gVjdCb9+J9eJ/e1+/okjfdc4Bmyvv+AaBhq1g=</latexit><latexit sha1_base64="xTsTKu8AlVBjQt3QrZkw90a9LEU=">AAACQnicbZDLSgMxFIYzXmu9VV26CRbFjSUpSrsRCrpwWcHaQltKJnPaBjOZIcmIZegL+Rw+gNv6AoI7cevCtBahrQcCH/85uX1+LIWxhIy8peWV1bX1zEZ2c2t7Zze3t39vokRzqPFIRrrhMwNSKKhZYSU0Yg0s9CXU/Yercb/+CNqISN3ZQQztkPWU6ArOrIs6uesnfIlbPvSESuOQWS2ehmekUCTkHJ9gR5SULhw5oLQ0gS Itl3ALVPC3oZPLkwKZFF4EOoU8mla1k3tvBRFPQlCWS2ZMk5LYtlOmreAShtlWYiBm/IH1IDVuoA/BTNh0qFgIpp1OFAzxsUsC3I20W8riSTpzDAuNGYS+m3SP7pv53jj8r9dMbLfcToWKEwuK/17UTSS2ER77xIHQwK0cOGBcC/cBzPtMM26d9awzQ+c9LMJ90Wku0NvzfKU8dZRBh+gInSKKSqiCblAV1RBHz+gVjdCb9+J9eJ/e1+/okjfdc4Bmyvv+AaBhq1g=</latexit>

half-precision
~1E-5

n-bit E0 residual QA hit rate range
2 -1.70012 0.3347 23.494% 1E-4
3 -1.71627 0.1842 1.149% 3E-5
4 -1.72149 0.0955 0.094% 6E-6
5 -1.72308 0.0346 — 1E-6
8 -1.72334 0.0058 — 2E-8
16 -1.72334 0.0003 — 3E-13

<latexit sha1_base64="pKch4yQ+80JBSjkHhE4WhFqQsms="></latexit><latexit sha1_base64="pKch4yQ+80JBSjkHhE4WhFqQsms="></latexit><latexit sha1_base64="pKch4yQ+80JBSjkHhE4WhFqQsms="></latexit><latexit sha1_base64="pKch4yQ+80JBSjkHhE4WhFqQsms="></latexit>



Example: system of 4 linear equations

red - 2 bits
green - 3 bits

blue - 4 bits

49000 samples



Ending remarks

Conclusions
• Present theoretical framework for mapping spin-chain to decimal values.
• System of linear and polynomial equations may be mapped to Ising model.
• Initial study demonstrates validity of algorithm on small test problems.

Future studies
• Quantum annealing scaling as percentage of solutions in the ground state.
• AQC scaling by studying the scale of adiabaticity
• Types of scaling studies

• varying condition number at fixed size
• varying size at fixed condition number

Thank you


